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Nozzle Contours for Minimum Particle-Lag Loss 
FRANK E. MARBLE* 
California Institute of Technology, Pasadena, Calif. 
The flow of a gas-particle ll1ixture through a rocket nozzle is analyzed under the approxi-
ll1ation that the particle slip velocity is sll1all cOll1pared with the average ll1ixture velocity, 
using one-dill1ensional gasdynall1ics, the Stokes drag law, and corresponding approxill1ations 
for the heat transfer between solid and gas phase. The variational problell1 defining the 
pressure distribution giving the ll1inimull1 ill1pulse loss due to particle lag is formulated and 
solved for nozzles of prescribed ll1ass flow, length, and of given exit pressure or area. 
The throat section of the optill1ull1 nozzle is considerably elongated and ll10re gradual than 
that of the conventional nozzle. The velocity and temperature lags were ll1uch lower (about 
i) in the throat region than those for the conventional nozzle. The impulse loss of the opti-
ll1Ull1 nozzle was, however, reduced only about 300/0 below that of the conventional nozzle. 
It is concluded that contouring of the nozzle to ill1prove gas-particle flow performance will 
result in only very ll10dest gains. As a direct consequence, the impulse losses calculated 
herein for optill1um nozzles can be used as a rough but convenient approximation for the im-
pulse losses in conventional nozzles having the same area ra tio or pressure ra tio. 
Introduction 
THE presence of small solid particles in the exhaust of rocket motors causes losses in specific impulse, the mag-
nitude of which depends upon the size of the solid particles 
and the fraction of exhaust mass flow in solid phase. This 
loss arises because 1) the particle velocity lags behind the ve-
locity of the gas, 2) heat is stored in the solid particles, and 
3) the relative motion of gas and particles results in a dissipa-
tion that reduces the gas stagnation pressure below the 
chamber value. One may calculate the losses to be ex-
pected in any nozzle flow of a heterogeneous mixture to a 
reasonable degree of accuracy. The error is determined by 
the accuracy of particle drag and heat-transfer information 
and by some uncertainties in the transport properties of the 
gas. Numerical calculation of losses has been made1 - s for 
a variety of nozzle geometries. For small particles in 
nozzles that do not incorporate too abrupt gas acceleration, 
the problem may be simplified, assuming the lag to be a 
small fraction of the gas velocity. Such calculations may be 
carried out quite directly. 
The question naturally arises concerning the shape or 
contour of nozzle which will minimize the particle losses. 
Now the particle losses are not so dominant that they dic-
tate the nozzle shape over relatively more important con-
siderations of heat transfer and structural weight. Rather, 
the optimum shape indicates the general contour to be 
favored when major requirements permit, and, moreover) 
the optimum performance provides a limit with which to 
compare the losses in conventional nozzles. 
The general optimum problem is very difficult to handle; 
the linearized treatment for small lag affords a more tractable 
problem, and it is considered from this point of view here. 
The linearized analysis of the heterogeneous flow was 
first published by Rannie. 4 The linearization was effected 
assuming the differences between particle and gas velocities 
and temperatures to be small, taking as the unperturbed 
state the "equilibrium" flow where gas and particles had 
common velocities and temperatures. The distinguishing 
innovation introduced by Rannie was the utilization of gas 
pressure as the independent variable, determining later the 
axial location of any value of pressure. This transformation 
where the gas lVlach number reaches unity. Subsequently, 
Marble6 carried out a similar linearized analysis for one-
dimensional heterogeneous flow, employing the pressure as 
independent variable and assuming the axial location of each 
pressure value to be a prescribed function. The nozzle 
cross-sectional area was then calculated later as a perturba-
tion series. Thus the analyses of Rannie and Marble con-
stitute the linearized treatment of the "direct" and "in-
verse" problems, respectively, for nozzle flows containing 
solid particles. 
In the problem of nozzle optimization, it is most con-
venient to start with the present author's formulation of the 
inverse problem.5 The problem is then posed as follows. 
Given the rocket chamber pressure and the nozzle exhaust 
pressure, what distribution of pressure along the nozzle axis 
will give the maximum specific impulse for a nozzle of fixed 
length? 
One-Dhnensional Gasdynalllics of 
Gas-Particle Mixture 
Denote the gas velocity parallel to the nozzle axis by u, the 
mass density by p, and designate quantities associated with 
particles of a single size by a subscript p. Equations of con-
tinuity for each phase are 
puA = rh (1) 
(2) 
where riL is the mass flow rate of gas through a cross section 
A, and xrh is the mass flow rate of solid particles. The cor-
responding momentum equations are 
pu(du/dx) + (dp/dx) = Fp (3) 
(4) 
where p is the local gas pressure, and F p is the force exerted 
upon a unit volume of gas by the particles. Assuming that 
the particles obey the first-order Stokes drag law, the force 
Fp is 
(5) 
avoids the annoying singularity that occurs in the problem where np is the number of particles of radius u and mass m 
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the velocity equilibration rangeli of a single particle, is defined 
as 
(6) 
Physically, Av is the distance traversed by the particle in a 
gas moving at sonic velocity while the particle reduces its 
relative velocity to e-1 of the initial value. For rocket 
motor atmospheres and particle radii of 1 j.L, Av is of the 
magnitude of a centimeter and varies as the square of par-
ticle radius. 
The first law of thermodynamics for the gas is 
pucp(dT/dx) = u(dp/dx) + (up - u)Fp + Qp (7) 
where Qp is the heat transferred per unit volume per second 
from the particles to gas; the term (up - u)Fp is the dissipa-
tive work done on the gas by particles passing through the gas. 
The value of Cp , specific heat of the gas at constant pressure. 
is assumed constant. To the same approximation of Stokes 
law, the heat transfer rate Qp from particles to gas may be 
written as 
Qp = n p(k/(j)47r(j2(Tp - T) == ppcpa[(Tp - T)/AT] (8) 
where k is the thermal conductivity of the gas, and T p is the 
local temperature of particles. The temperature equilibra-
tion range5 AT has a physical significance similar to its 
counterpart Av and is defined as 
AT == cpma/47r(jk = iPr Av (9) 
Usually, the value of the Prandtl number, Pr == cpj.L/k, is 
assumed to be a constant and is near enough to -i that AlI and 
AT may be considered equal. 
The first law of thermodynamics for the solid phase is 
(10) 
where c is the constant specific heat of the solid material, 
and the individual solid particles are assumed un deformed 
by stresses imposed upon them by the gas. 
Together with the gaseous equation of state, the preceding 
relations give a complete analytical description of the one-
dimensional heterogeneous flow. Because the differences 
u - Up and T - T p will be considered small in comparison 
with u and T, respectively, the following variables will 
prove convenient: 
T - Tp == T. (11) 
1 - (pp/xp) == p, 
A transformation in the equations of continuity, momentum, 
and energy may be effected to emphasize the fact that u., T., 
and p, are essentially of much smaller numerical magnitude 
than u, T, and unity, respectively. The force F p acting be-
tween the two phases may be eliminated from Eqs. (3) and 
(4) to give 
du dp du, (1 + x) pU dx + dx = xpu dx (12) 
In much the same manner, the heat exchange between the 
two phases may be eliminated from Eqs. (7) and (9) to yield 
a relation that may be integrated from the rocket chamber 
to an arbitrary position of the nozzle: 
(c~ ~ :c) (T - Tc) + !u2 = 1 ~ x [cT, + uu, - !u.2] 
(13) 
It has been assumed that u, uB, and T. vanish in the rocket 
chamber and that Te is the common temperature of the gas 
and solid phases in the chamber. 
Designate by "equilibrium flow" the limiting circum-
stance where the velocities and temperatures of the two 
phases remain exactly equal throughout the nozzle, that is, 
where P. = U. = T. = O. The flow is then described by 
du dp 
(1 + x)pu dx + dx = 0 (14) 
(c~ ! :c) (T _ Tc) + ~ u 2 = 0 (15) 
(1 + x)puA = (1 + x)rh (16) 
p = (1 + X)P(1 ~ x)T (17) 
Equations (14-17) describe the isentropic flow of a gas 
through a nozzle of mass flow (1 + x)rh and cross-sectional 
area A, where the gas has an effective density 
p = (1 + x)p (18) 
and effective gas properties 
cp == (cp + xc)/(1 + J£) R == (cp - cll)/(1 + x) (19) 
The expansion process takes place according to the law 
T = (E)("( - 1)/'Y = (~)-Y - 1 (20) 
Te pc pc 
where pc and pc are the pressure and effective density in the 
rocket chamber, and 'Y = cp/cv• All familiar relationships 
for isentropic nozzle flow hold in terms of these effective 
quantities. 
Returning now to the problem of heterogeneous nozzle 
flow under nonequilibrium conditions, a relation resembling 
the isentropic integral, Eq. (20), may be obtained from Eqs. 
(12) and (13), together with appropriate equations of state 
and continuity: 
(:£)(~)("Y - 1)/"Y = exp {_x ;x ~ [c dT. + Tc p 1 + x J 0 cp T dx 
u. ~ (u - U.)}lx} (21) 
In the analysis of nonequilibrium heterogeneous flow, it will 
be convenient to work with Eqs. (13) and (21), but they do 
not yet suffice to complete the problem. From Eqs. (1) and 
(2), it follows that 
p.u + u. = P.u. (22) 
whereas from Eqs. (4) and (1) it is not difficult to show 
du au, 1 au, 1 du. ) 
u- ------ = -P.-~---+u- (23 dp Av dp/dx Av dp/dx dp 
where a is the equilibrium speed of sound, a2 = 'YIlT, and 
~v is the velocity equilibration length [Eq. (6)] based upon 
the equilibrium speed of sound. Similarly, from Eqs. (10) 
and (11), 
u dT _ ~ (J,_~ _1_ = _ P. ~ f!;'!:! _1_ + u dT. (24) 
dp c)ow dp/dx c AT dp/dx dp 
where ~T is based upon the equilibrium speed of sound and 
specific heat Cpo The set of equations (13, 16, 17, and 21-
24) is completely equivalent to the original relations, and 
these equations are written explicitly in terms of the quan-
tities u., T., and P.. Moreover, the independent variable 
has been changed to the gas pressure p, and the distribution 
of pressure along the nozzle axis, p(x) or its inverse, is as-
sumed to be prescribed. 
Solution for Flow with Slllall Slip 
When the three dependent variables P" u., and T. are small, 
a perturbation solution naturally suggests itself, and the 
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appropriate small quantity in terms of which the solutions 
should be expanded is XvlL, where L is the fixed nozzle 
length. The state of the gas may then be written as 
p = p(O) + (X v/L)p(l) + (X v/L)2 p(2) + ... 
u = u(O) + (Xv/L)u(l) + (Xv/L) 2 U(2) + .. . (25) 
T = T(O) + (Xv/L)T(l) + (Xv/L)2T(2) + .. . 
where each coefficient is a function of the local pressure p. 
Each of these variables has a nonvanishing zeroth degree 
part, and all coefficients in the expansions are of order unity. 
The variations of the particle state from that of the gas, 
Ps, Us, and T., have leading terms of the first degree: 
P. (Xv/L)p.(l) + (Xv/L)2 p.(2) + ... 
u. (Xv/L)u.(l) + (Xv/L)2U.(2) + . . . (26) 
T. = (X v/L)T.(l) + (Xv/L)2 T.(2) + ... 
The functions giving terms of various order in each variable 
may be determined by substituting expressions (25) and (26) 
into the Eqs. (13, 16, 17, and 21-24) and separating each 
equation according to powers of the small parameter Xv/L. 
The functions p(o>, u(o>, and T(O) are described by the zeroth 
order parts of equations (13, 17, and 21), and they correspond 
exactly to the equilibrium solution described by equations 
(15, 17, and 20). To the zeroth order of approximation, the 
gas and particles have the same velocity and temperature, 
and the solution being employed consists in a perturbation 
expansion about the "equilibrium" flow. Physically, this 
implies that, as Xvi L becomes very small, the actual flow ap-
proaches more and more closely to the equilibrium flow. 
That is equivalent to saying that, when the equilibration 
range Xv is negligible compared with the nozzle length, the 
gas and particles achieve a local equilibrium state before a 
significant fraction of the nozzle length has been traversed. 
The equilibrium solution is read~ly written down in terms of 
the prescribed pressure distribution along the nozzle: 
p(O) = (E-)I/1' (27) 
pc pc 
T(O) = (l!. )(1' - 1)/1' 
Tc pc 
(28) 
{ [ (
p )(1' - I)/1']}1/2 
u(O) = 2cp Tc 1 - Pc (29) 
Calculation of the first-order terms p/l), u.(l), and T.(l) fol-
lows quite directly from Eqs. (22-24). From the zeroth-
order part of Eq. (23), it follows that 
u.(l) = - a;) (~J ~~) (30) 
where the new length variable ~ = x/L has been introduced. 
Similarly, from the form of the energy relation given by Eq. 
(24), it follows, after some reduction, that 
T.(l) = ~ ~ (~T) a~) u(O) (! dP) (31) 
Cp Cp Av "Y P d~ 
and, from Eq. (22), 
(1) _ 1: _1_ (1 dP) (32) 
P. - -y M(O) P d~ 
From Eqs. (30) and (31), in which u.(1) and T/1) are deter-
mined algebraically, it is apparent that the order of differential 
equations has been reduced by one in each case; that is, the 
perturbation employed is a singular one. 
Evaluation of the remaining first-order terms may be 
carried out from Eqs. (13, 17, and 21), noting particularly the 
fact that the right-hand sides of both Eqs. (13) and (21) are 
of the first order and are known to that order. These two 
perturbation relations may be written explicitly as 
- + (X - 1)M(O)2 - = -- F -T(l) (U(l)) ')( (p) T(O) u(O) 1 + ')( pc (33) 
and 
~::: = 1 ~ ')( G (;) (34) 
where the functions on the right-hand sides of Eqs. (33) 
and (34) are the known functions of the prescribed pressure 
ratio 
F (E) = ('11 - 1) (1 ~ 1) M(O) ! dp (35) 
pc "Y p d~ 
and 
G (l!.) = fP ~ [ (1 - rJ)u.(l) du(O) - rJu(O) dU.(1)] dp 
pc J Pe cpT(O) dp dp 
(36) 
Here, the notation (XT/Xv)(C/Cp )2 == '11 has been adopted. 
The first-order perturbation to the equation of state, Eq. 
(17), gives 
(37) 
Now Eq. (34) gives directly the first-order gas temperature 
perturbation, and Eqs. (33) and (37) may be solved for ve-
locity and density perturbations directly as 
~~:: = 1 ~ ')( (1 _ ~)M(0)2 F (~) - G (~) (38) 
and 
(39) 
The first-order modifications to equilibrium nozzle flow, 
resulting from the effects of solid particles transported by the 
gas, are then given by Eqs. (34, 38, and 39) for the gas flow 
and Eqs. (30-32) for the particle flow where the gas pressure 
is a prescribed function of x or of ~. 
The required cross-sectional area of a nozzle carrying mass 
flow rh and providing the required pressure distribution may 
be expressed as 
A (p-) = A (0) (~) + Av A (1) (P-) + . .. (40) 
pc p L pc 
where the coefficients A (0), A (1), etc., are readily deter-
mined from the equation of continuity, Eq. (1). The area 
A (0) for equilibrium flow may be expressed by the parameter 
PcacA (0) / rh: 
pca~ (0) (;) = (~) 1/1' {-y : 1 [1 _ (~y1' - l)/'Y]} -1/2 
(41) 
since the chamber conditions are assumed constant and the 
area may be scaled according to mass flow. The ratio of 
the first area perturbation to the zeroth-order area is found 
from the continuity equation and expressed in terms of the 
F and G functions. Through partial integration of (36) 
and ensuing simplification, the expression for A (1)/ A (0) may 
be written as 
A (1) ')( 1 { 1 dp 
- = -- -- [1 + rJ(ii - 1)M(0)2] - - + A(O) 1 + ')( -yM(O) p d~ 
1 + (1 - 1)M(0)2 f p/Pe 1 + rJ(ii - 1)M(0)22 da dO'.} 
12 M(0)2 J 1 .Jlf(O) 0'.2 d~ 
(42) 
N one of these expressions encounter difficulties in the neigh-
borhood of the nozzle throat. 
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Fig. 1 Values of the function H(p/pc) as a function of 
pressure ratio (1' = 1.25, 1.15; 'YJ = 1). 
Nozzle for Minimum Loss in Specific Impulse 
To calculate the specific impulse loss to the first order in 
A,j L, consider a nozzle of fixed length L expanding the gas 
from a given chamber state pc, Tc to a prescribed exhaust 
pressure p.. If the specific impulse 
(43) 
occurring under conditions of equilibrium flow is taken as the 
reference value, then the fractional loss of impulse caused 
by the presence of the particles is 
[(0) - I XV [U(l) )( Us(l)] 
----y<O) = - L u(O) - 1 + )( ~ p. (44) 
where, since the pressure distribution is prescribed, nozzles 
carrying both equilibrium and non equilibrium flow are ex-
panded to pe, the local atmospheric pressure. This loss may 
be written down explicitly using the values for u(I) /u(O) and 
us(l)/U(O) from Eqs. (38) and (30), respectively. With this 
substitution, 
[(0) - I 
[(0) 
Av )( [ 1] 1 dp L 1 +)( - iiM(O) Po d~ (Pe) + 
1 - 1] (pe 1 1 dp ii2~ilf,<0)2 J pc M(O) r;. d~ d~ + 
1] (pe ~ ~ (a(O) dP) dP] (ii - 1)M.(0)2 Jpc cpT(O) dp iip d~ (45) 
where the subscript e has been used to denote the value of the 
Fig. 2 
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Pressure distribution along nozzle of optimum 
contour (1' = 1.25, 1.15; 'YJ = 1). 
variables at the nozzle exit, that is, when p = pe. Partial 
integration of the second integral in Eq. (45) and some sub-
sequent simplification yield a final convenient form for the 
fractional impulse loss: 
[(0) - I ~v ( )() 1 
- L 1 +)( ii2M.(O)2 X 
(pe 1 + 1](ii - 1)M(O)2 1 dp 
J P. M(O) p2 d~ dp (46) 
For most cases of practical interest, 1] ~ 1, and the error 
introduced into Eq. (46) by setting 1] = 1 is correspondingly 
small. Writing the Mach number in terms of the pressure, 
2 [(p )("( - I)h ] 
M(O)2 = ii _ 1 ~ - 1 (47) 
evaluation of Eq. (46) is, at worst, an elementary numerical 
integration so long as the pressure distribution along the axis 
p(~), or its inverse ~(p), is prescribed. 
Now Eq. (46) may be written as 
[(0) - I (pe [ d~] 
-y<o) = - C J pe ¢ p, ~(p), dp dp (48) 
and is of the general form appropriate for treatment by the 
techniques of elementary variational methods. Consider the 
28 
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Fig.3 Area distribution along nozzle of optimum contour 
(1 = 1.25, 1.15; 'YJ = 1). 
pressure distribution ~(p) as unknown, and ask for the dis-
tribution function Hp) that leads to the minimum impulse 
loss for the expansion ratio Pc/Po subject to the condition that 
the nozzle be of length L or, what is the same, ~ = 1. There-
fore, the distribution functions are subject to the fixed end 
conditions ~(Pc) = 0 and Hp.) = 1. Since the functional 
¢ [p, ~(p) ,d~/ dp] is in fact 
1 + 1]{ii - 1)M02 (_1_) 
M(O)p2 d~/ dp (49) 
and consequently does not involve Hp) but only dUdp, the 
Euler equation is just 
d 0 cf> d [1 + 1] (ii - 1) Mo 2 1 ] 
dp o(d~/dp) = dp M(0)p2 (d~/dp)2 = 0 
(50) 
The solution for Hp) may then be given in the form 
~ (p) R(p/pc) 
Pc = H(p./pc) (51) 
where the function H(p/pc) is defined by the integral 
H (E) = (I [1 + 1]eii - 1)M(O)2]1/2 dP 
pc J pipe M(O) p (52) 
and the relation between 111(0) and p/Pc is given by Eq. (47). 
The integral, which plays a central role in the following opti-
mum nozzle theory, may be written in terms of either M(O) 
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alone or piPe alone. The former choice leads to 
H 11[(0) _ - r M(O) {1I1[1 + "'("1 - 1)1I12]} 1/2 
( ) - 'Y Jo 1 + [("1 _ 1)/2]M2 d1l1 (53) 
and may be evaluated in terms of incomplete elliptic 
integrals of the second and third kinds. This function is 
shown in Fig. 1 for "1 = 1.25 and "1 = 1.15, where", = 1. 
The independent variable In(Pe/p) is a convenient one and 
will be used in succeeding representations. 'With H(p/pc) 
known, determination of ~(P/Pe), the fractional nozzle 
length at which any value p/Pc of the pressure ratio occurs, is 
a simple matter and is shown in Fig. 2. The statement of 
the problem fixes the two end points of these curves, and 
consequently variations in HP/Pe) due to changes in "1 are 
quite small. This particular nozzle shape is calculated for a 
pressure ratio Pc/po = 100. 
To the zeroth order in X,j L, the nozzle cross-sectional area 
parameter (PeacA (O»/rh is given by Eq. (41) in terms of the 
local pressure p/Pc. Using the result of Fig. 2, one may ob-
tain from Eq. (41) the distribution of nozzle area with length; 
this is shown in Fig. 3, again for a pressure ratio Pc/Po = 
100 and the two values of "1 chosen previously. The char-
acteristics of the optimum shape then become quite clear. 
The contraction from the chamber (infinite area) is initially 
quite rapid; the throat region is greatly prolonged to reduce 
the usually high accelerations, and a reasonable degree of 
acceleration persists to the end of the nozzle. The fact 
that the optimum nozzle does not show small accelerations 
(and hence small particle slip) at the nozzle exit shows that 
losses due to high slip within the nozzle are as important as 
actual particle slip. In other words, the acceleration is dis-
tributed so that both internal losses and particle slip losses 
at the exit are moderately small rather than having either 
one particularly small and the other correspondingly large. 
It is also clear that the optimum nozzle contour arrived at 
is not an especially appealing one from the standpoints of 
heat transfer at the throat or divergence losses at the nozzle 
exit. This observation merely serves to emphasize the state-
ment made earlier that the optimum nozzle provides a stand-
ard of comparison for particle losses in other nozzles and 
indicates the general features that would be incorporated 
when other design requirements permit. 
Referring back to Eqs. (30) and (31), it is a relatively 
simple matter to calculate the differences in velocity and 
temperature between particles and gas for the optimum 
nozzle. For the value of (l/p)(dp/d~) follows directly from 
Eq. (51) as 
1 dp (Po) [ lY1(0) Jl / 2 pd~ = -H Pc 1+"'('Y- 1)M(0) (54) 
and a little calculation gives the slip velocity 
u~(1) = ~ H (l!!) X 
ae 'Y pc 
[ 
M(O) Jl/2 
[1 + "'("1 - I)M(O)2]{1 + [("1 - 1)/2]Jl1(0)2} (55) 
and the temperature difference 
'" ~ ("1 ~ 1) H (;) 1 + [("1 ~(:»/2]NJ<O)2 X 
[ 
M(O) Jl/2 
1 + "'("1 - l)M(O)2 (56) 
These velocity and temperature differences are shown in 
Figs. 4 and 5, respectively, for the two values of "1 used previ-
ously. Again the calculations were made for a pressure 
ratio Pc/Po = 100. The slip velocity and, to a considerable 
extent, the temperature difference tend to rise quickly during 
the early stages of expansion and to maintain this value rela-
tively consistently throughout the nozzle. In particular, 
-r = I. 25 
1.0 
o 1.0 2.0 3.0 4.0 5.0 
Pn( p~ ) 
Fig. 4 Particle slip velocity given as a function of pressure 
ratio frolU chamber to a particular location along nozzle of 
optimulU contour (i' = 1.25; 1.15; 11 = 1). 
there is no strong tendency for the slip velocity or the tem-
perature difference to approach small values at the nozzle 
outlet. The actual values of slip velocity and temperature 
difference ratios are obtained, as follows from Eq. (25), from 
the values appearing in Figs. 4 and 5 through multiplication 
by the appropriate value of X/ L, a factor usually of the order 
of 0.1 or less. Numerical values of the slip velocity and 
temperature difference are therefore at most a few percent 
of the ac and the chamber temperature, respectively. 
The first-order perturbation to the optimum nozzle shape, 
~o c.orrect it for the effects of particle and temperature lag, 
IS gIven through Eq. (42). It will be noted in particular 
that the integral involved in that equation is exactly the 
integral that has been minimized in connection with thp, 
specific impulse calculation. Therefore, for the optimum 
nozzle, the area perturbation is given explicitly as 
A(l) _ _ x_~ H (p!){[1 + "'("1 - I)M(O)2]1/2 
A (0) 1 + x "1 Pc M (0) + 
_1 [1 + "'("1 - I)M(O)2] (p)} 
'YJl1 (O) M(O) H Pc (57) 
Since the terms in Eq. (57) are all positive, the first-order 
correction tends to decrease the nozzle cross-sectional area 
slightly over that which would be required if the gas and 
particles were completely in equilibrium. This correction, 
shown in Fig. 6 for two values of the specific heat ratio, is 
nearly constant and very small over the major portion of the 
nozzle length. The perturbation is infinite at the chamber 
end of the nozzle where the zeroth-order nozzle area itself 
1.6 y = 1.25 
1.4 
1.2 
Ts(l) 1.0 y= 1.15 
Tc 0.8 
0.6 
0.4 
0.2 
0 1.0 2.0 3.0 4.0 5.0 
Pn ( ppC) 
Fig. 5 Particle temperature lag as a function of pressure 
ratio from chamber to a particular location along nozzle of 
optimulU contour (i' = 1.25~ 1.15; 11 = 1). 
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Fig. 6 First-order perturbation to cross-sectional arca 
distribution of OptilllUlll contour nozzle (1 = 1.25, 1.15; 
'1] = 1). 
is infinite, because of the choice to make true stagnation 
conditions in the chamber. There is nothing physically un-
acceptable about this behavior of the area perturbation. 
The significant result is that the nozzle shape is maintained, 
but the cross-sectional area is slightly decreased roughly in 
proportion to the area for equilibrium flow. 
The fractional loss in specific impulse due to the particle 
effects, given by Eq. (46), may be written also for the opti-
mum nozzle by inserting the appropriate value of dp/d~ 
from Eq. (54). Then the impulse loss is 
1(0) - I Xv ( x ) 1 (Pe) ~ = L 1 + x ,';j2.M
e
(O)2 II Pc X 
(pc X [1 + 1](1 - 1)M(O)2]1/2 dp 
Jpe M(O) P 
~ (_x_) [H(Pe/Pr)]2 (58) 
L 1 + x 11JI.(O) 
where the remaining integral is recognized as that given by 
Eq. (52). Here M/O) is understood to be the Mach number, 
based upon equilibrium flow, obtained by expanding from 
the chamber pressure pc to the prescribed exit pressure p •. 
This fractional impulse loss is shmvn in Fig. 7 for two values 
of the specific heat ratio. It should be noted that the ordi-
nate in this figure is In(pc/Pe), so that any ordinate refers to a 
specific nozzle having that expansion ratio, and the corre-
sponding abscissa is the fractional impulse loss for that nozzle. 
It is convenient to note that for usual nozzles the abscissa 
is of the order of unity, and therefore the impulse loss 
(1(0) - 1)/1(0) rv [x/(1 + x) ](Av/ L). The effect of specific 
heat ratio is not large, even at expansion ratios of 100. 
COInparison between OptiInuIn and 
Conventional Nozzles 
One of the principal interests in the optimum nozzle is the 
determination of just how much of the particle lag loss in a 
conventional nozzle can be regained by proper contouring of 
the nozzle. This question really resolves to deciding whether 
the extremal that has been found is a "sharp" one, that is, 
how severe a performance penalty is to be paid for departing 
from the optimum shape. The most straightforward and 
illuminating manner of investigating this sensitivity is to 
compare the specific impulse losses in conventional and opti-
mum nozzles having the same length and the same prescribed 
pressure ratios. 
The conventional shape chosen for the comparison was that 
used by Rannie 4 in his illustrative example of particle lag 
calculations. This contour is constructed from three circu-
lar arcs, and the details are given in his paper. The two 
contours (based upon equilibrium flow) are compared in 
Fig. 8, where they are scaled to the same pressure ratio as 
that used by Rannie; since this contour is based upon 
equilibrium flow, the outlet areas coincide when the throat 
16 
1.4 
1.2 t §~ -;.. 1.0 
I;:. 0.8 --1.-< y= 1.25 
~I 0.6 
+:L 
_ 0.4 
0.2 
o 1.0 2.0 3.0 4.0 5.0 
In (p~) 
Fig. 7 Fractional loss of specific illlPulse in nozzle of opti-
lllUlll contour for nozzles of various over-all pressure ratios, 
Pc/Pe (1 = 1.25, 1.15; 1] = 1). 
areas do. The general elongation of the throat section is 
shown somewhat more lucidly here than in Fig. 3. The 
throat occurs somewhat earlier for the optimum contour, 
but not markedly so. The most pronounced difference is 
the much more gradual acceleration in the immediate throat 
area for the nozzle with optimum contour. The contrast 
between the two is shown more distinctly by comparison of 
particle slip velocities for the two. Figure 9 shows the ratio 
of particle slip velocity to chamber sonic velocity in terms of 
In (Pc/p) ; two items are of particular interest. First, the 
particle slip velocity in the throat region of the conventional 
nozzle reaches about three times the value for the nozzle 
with optimum contour. The peak occurs at the point where 
the curvature changes, in magnitude and sign, as the flow 
enters the long exit section. Second, the particle slip at 
the nozzle exit is much larger for the nozzle with optimum 
contour than it is for the conventional nozzle. This latter 
is a direct result of the relatively low accelerations that occur 
there for conventional nozzles. Moreover, this fact demon-
strates the fallacy of judging impulse losses on the basis of 
particle lag alone. The fact that the particle velocity lag 
at the nozzle outlet is several times that of a typical con-
ventional nozzle demonstrates that a considerable portion of 
the impulse loss is associated with dissipation within the 
nozzle. 
The distribution of losses within the two nozzles is most 
easily shown by calculating the cumulative impulse loss at 
various stages along the expansion. This can be done by 
considering Eq. (46) for the impulse loss where the lower 
limit of the integral is permitted to vary from the chamber 
pressure toward the prescribed exit pressure. This result 
then gives the contribution to the impulse loss of all processes 
taking place up to the pressure corresponding to the lower 
limit, that is, the cumulative impulse loss to any point of the 
nozzle. For the optimum nozzle, the similar calculation may 
be carried out using Eq. (58) in the identical manner. 
The results of the cumulative loss calculations are shown 
in Fig. 10 for both conventional and optimum contours. 
It is to be noted that the slope of the cumulative loss curve 
I 
I 
\ 
\ 
• ___ .-L-_______________ 1-
Fig.8 COlllparison of OptilllUlll nozzle contour with that 
of conventional nozzle2 (pc/pe = 59.6). 
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Fig. 9 COlnparison of distributions of particle slip veloci-
ties for optimum contour and conventional nozzle. 2 
bears a close relation to values of a particle slip velocity shown 
in Fig. 9, confirming the conjecture that dissipation associated 
with particle slip is a principal contributing factor. The 
principal increment in loss, which causes the conventional 
nozzle to result in a lower final impulse than that given by 
the optimum contoul', occurs in the throat region of the con-
ventional nozzle where the particle slip velocities are very 
high. Similarly, it may be noted that, toward the end of the 
conventional nozzle, impulse losses are being accumulated 
very slowly, reflecting the low acceleration rate and particle 
slip velocities at that area of the conventional nozzle. 
In terms of over-all performance, the particle losses in the 
conventional nozzle appear to be about 40% larger than those 
in the optimum nozzle. In a way, this difference may seem 
relatively small in view of the rather different acceleration 
profiles of the two. It appears, however, that the losses 
induced by the palticl~ lag are not an exceedingly sensitive 
function of the nozzle shape, at least within contour families 
that would be considered reasonable for the gas alone. As 
a consequence, it appears that only a minor fraction, e.g., 
about one-quarter, of the particle-lag loss in a typical con-
ventional nozzle can be regained by use of a nozzle with 
optimum contour. One may conclude, therefore, that, for 
practical nozzle shapes, rather small gains in impulse may 
be expected from more suitable contouring of the nozzle. 
In terms of current practice, this gain would appear to be a 
fraction of a percent of the motor impulse. 
On the other hand, since the differences between the losses 
in conventional nozzles and those with optimum contour 
are not too great, it follows that a reasonable first estimate 
of the particle loss in a conventional rocket nozzle may be 
found from the loss in the optimum contour nozzle of the 
same pressure ratio. This information is contained in the 
curves of Fig. 7, where, to calculate the fractional impulse 
loss, it is necessary to know the expansion pressure ratio, the 
nozzle length, and the mass fraction of solid particles and, 
finally, to calculate the value of the physical parameter Av. 
It should be mentioned here also that, for particles in excess 
of 1 J.L in radius, or for nozzles of relatively small scale, the 
slip velocities may be such as to invalidate the Stokes drag 
law that has been used. These corrections for Reynolds 
numbers much in excess of unity are not difficult to apply in 
the manner outlined by Rannie. .. For the comparisons 
shown in Figs. 8-10, taking particles of 5-J.L diam and a nozzle 
of about 20-in. length, the average Reynolds number cor-
rection to the impulse loss amounts to a factor of t. That is, 
the impulse loss is actually about half of that calculated using 
Stokes law. This result occurs because the particle slip 
velocity is higher for the lower drag associated with the 
Stokes law, and consequently the dissipation and direct lag 
loss are somewhat larger for the Stokes law than for the more 
accurate drag relationship. 
Finally, it should be noted that, for very small particles 
and large nozzle expansion ratios, the particles enter a 
gasdynamic slip flow toward the nozzle exit with an attending 
reduction of drag. Thus, the actual particle speed toward 
the nozzle exit will fall below that predicted by Stokes law, 
and the performance will drop slightly. The effect of more 
accurate particle drag values on the optimum shape will be 
to make the throat somewhat more abrupt and the exit some-
w hat more gradual. Although neither of these affects the 
optimum shape appreciably, it is of interest to note that they 
both tend toward the conventional nozzle. 
OptiInum Contour with Fixed Area Ratio 
The analysis can be extended to the case of a nozzle of 
fixed outlet area rather easily. If there were no particle slip, 
the pressure p.cO) at the outlet of the nozzle would satisfy the 
equation 
pcizcA. = (~)1/i{_2 [_ (p,(0»)(i'-1)/i]}-1/2 
• (0) - 1 1 (59) 
m p. 'Y - pc 
Since the outlet area is fixed, particle slip and the attending 
nonequilibrium effects cause the pressure at the outlet to be 
modified by an amount proportional to Xv/ L. The nozzle 
outlet pressure takes the form 
p. P.CO) XV P.(l) 
-=-+--+ ... Pc Pc L pc (60) 
When particle slip occurs, the nozzle outlet area parameter 
(Pco'cA.)/rh may be written to the first order in 'X../L using 
Eqs. (40-42), where each of the functions is evaluated at P./ pc. 
But P./Pc is expressed by Eq. (60), so that, retaining only the 
zeroth- and first-order parts, 
pa~A. = (~)l/i{~ [1 _ (P.(0»)(i- 1)/i]}-1/2 X 
m P.(O) 'Y - 1 pc 
{ I + ~1' [_ ~ (..l!!...) (1 + 1 _ 1 - 1 [1 _ L 'Y Pe(O) 2 2 
(p;:0»)'i-1)/i]-1) (p;:l») + 1 ~ x ([ 1 + 
(1 - 1\M.(0)2] G (p;~O») - (1 _ :)M.(0)2 F (p;~O»))]} 
(61) 
The condition that the outlet area parameter be unchanged 
by the flow perturbation is simply that 'the nozzle outlet 
pressure be modified by an amount (X v/ L) (P. (1) / Pc) such that 
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Fig. 10 Comparison of cumulative impulse loss alon~ 
nozzle of optimum contour with that along conventional 
nozzle. 
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the coefficient of },.v/L in Eq. (61) vanishes. Explicitly, this gives the outlet pressure perturbation pe(I)/PcaS 
PeW )( (1Pe CO») [1 + 1/(1 - 1)M.CO)2]G(p'<O)/pc) - [1/(1 - 1).M.c°)2]F(p.c°)/pc) 
Pc- = l~Pc (1 + 1)/2 - [(1 - 1)/2][1 - (Pe CO )/Pc)(i'-l)/i']-1 (62) 
which may then be computed when the functions F and G 
are known. 
N ow the thrust of the motor may also be expanded in a 
perturbation series 
g:CO) + (}"v/L)g:Cl) (p'<t») duCO) \ },." Pe(l) 
---'-----'-------'-- = u(O) - + --- -- + (1 + )()rh pc d(p/pc) P.(O) L pc 
~ [_1_ u(o (Pe(O») + _)(_ U
p
(l) (p.cO»)J + 
L 1 + )( pc 1 + )( pc 
& AePc P.(l) 
L (1 + )()rh pc (63) 
The straightforward calculation of the derivative shows that 
du(O) \ AePc 
d(p/pc) P.(O) = - (1 + )()rh (64) 
and that the remaining perturbation terms may be written as 
},.V ( g:(O ) 1(0) - I 
- L (1 + )()rhu(O) == ~ = 
_ & [U(l) (Pe(O») __ )(_ us(1) (P.(O»)J (65) 
L u(O) pc 1 + )( u(O) pc 
Comparison with Eq. (44) shows this to be identical with the 
result obtained for a fixed outlet pressure up to the first-order 
terms in },.,,/L. The variational problem proceeds in exactly 
the same way as for fixed outlet pressure, and the function 
~(p/Pc) satisfies the same differential equation. The solu-
tion is that given in Eqs. (51) and (52), except that the ex-
pansion is now carried to the new outlet pressure: 
(66) 
The results of the previous calculations can thus be inter-
preted to apply also to the optimum nozzle of fixed outlet 
area. The contour and other properties are identical. 
ApproxiInation to the OptiDluDl Solution 
The rather remarkable linearity of R considered as a func-
tion of In (Pc/ P ), as shown in Fig. 1, arises from the fact that the 
factor 
1 + 'fJ( 1 - 1)M(0)2 
M(C) (67) 
in the integral defined by Eq. (52) is nearly constant over the 
usual range of integration. This factor has a minimum value 
at the Mach number 
M(O)* = ['fJ(1 - 1)]-1/2 (68) 
which lies within the range of integration for the usual nozzle 
Consequently 
1 + 'fJ(1 - 1)M(0)2 ~ 2[ ( . _ 1)]1/2 
M(O) - 'fJ I' (69) 
throughout the range of integration and is, in fact, quite 
close to this value except for pressure ratios close to unity 
or very far from unity. Therefore, the approximation may 
be made, from Eq. (52), that 
R (E) ~ [4'fJ(1 _ 1)1/4] (1 da = 
pc Jp/pc a 
[4'fJ(1 - 1»)1/4ln (;) (70) 
with the assurance that the exact value of the integral ex-
ceeds the approximation. It is clear that this approximate 
form for the function R(p/pc) is represented by a straight 
line through the origin of the logarithmic plot in Fig. 1. 
Except for rather small pressure ratios Pc/p, the approximate 
values of R(p/pc) fan about 10% below the exact values and 
hence constitute a reasonable approximation. 
Since the R(p/pc) function is the only function requiring 
calculation for the optimum nozzle contour, the foregoing 
approximation permits all optimum nozzle characteristics 
to be expressed in very simple forms. Of particular interest 
here is the pressure distribution 
(71) 
which may be compared with the exact value in Fig. 2, and 
the fractional specific impulse loss 
1(0) - I A ( )() _ {In(Pc/Pe)}2 ~ ~ L 1 +)( ·2 ['fJ('Y - 1»)1/2 'YM.(O) (72) 
This last expression is to be compared with the exact calcula-
tions of Fig. 7; the approximate values are not more than 
20% below the exact ones. 
Finally, referring to Eq. (41), it is possible to express the 
optimum nozzle area as an explicit function of distance 
measured from the chamber as 
PcncA (0) [ (1 - 1 )J1/2 rh ~ H1 - 1]1/2e[(i'+1)/2i'a csch 21 ~ 
(73) 
which provides a convenient and reasonably accurate repre-
sentation of the nozzle shape. 
Concluding ReDlarks 
Probably the most interesting result of the foregoing 
analysis is that the difference between the particle lag loss 
in a conventional nozzle and that in the corresponding opti-
mum nozzle is not very large in spite of the fact that rather 
large velocity and temperature lags may occur near the throat 
of the conventional nozzle. Consequently, it is usually un-
warranted to construct exotic contours since this effort, car-
ried out at the expense of many other features of the nozzle, 
will not reduce the particle loss by more than one-third. 
This is not to imply that improvement in existing nozzles 
cannot be made, but rather that the gains will be small unless 
the original nozzle was very short, or very small scale, or 
possessed some unusual entrance condition or throat contour. 
As a consequence, it follows that the performance of a con-
ventional nozzle may be approximated by the performance 
of the optimum nozzle having the same pressure ratio or area 
ratio. Often this rather modest inaccuracy is more than 
compensated for by avoiding the numerical calculation re-
quired for an arbitrary contour. The error made in this 
approximation is usually less than that resulting from inade-
quate knowledge of the particle size, gas properties, etc. In 
fact, the elementary expressions developed in the latter part 
of the paper, Eqs. (70-72), will suffice for rough estimates of 
the usual sort. 
The major approximation in the present analysis lies in the 
use of Stokes law and the corresponding approximation for 
the heat transfer from particles. For particles of 5-f.L (liarn 
in a nozzle of 20-in. length, the present analysis predicts 
absolute losses that are high by a factor of nearly two. 
This error diminishes very rapidly with particle size, becom-
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ing negligible for 2-J..L. diam particles. Errors of similar 
magnitude may be incurred due to slip flow. 
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